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Abstract
In this paper, by using an analogue of theorems of Iwasawa (Kenkichi Iwasawa Collected
Papers, vol. 2, Springer, Berlin, 2001, pp. 862–870) we give a sufﬁcient condition for Leopoldt’s
conjecture (J. Reine Angew. Math. 209 (1962) 54) on the non-vanishing of the p-adic regulator
of an algebraic number ﬁeld. Using this sufﬁcient condition we are able to prove Leopoldt’s
conjecture for several non-Galois extensions over the rational number ﬁeld Q.
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1. Introduction and Main Theorem
Let k be a ﬁnite algebraic number ﬁeld, and let Ek denote the group of all units in
k. If a is an ideal in the ring of integers Ok of k, we put
Ek(a) = {ε ∈ Ek|ε ≡ 1mod a}.
Also, for  ∈ Ok we put Ek() = Ek(Ok). Let p be a prime number. By Leopoldt’s
conjecture for k and p we mean the conjecture that the following statement is true:
LC. Given any integer a0, there exists another integer b0 such that Ek(pb) ⊆ Ep
a
k .
E-mail address: n-kubotera@bp.jp.nec.com
0022-314X/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2004.07.019
82 N. Kubotera / Journal of Number Theory 111 (2005) 81–85
We see that the above LC is equivalent to a statement usually known as Leopoldt’s
conjecture on the non-vanishing of the p-adic regulator (cf. [4,8]). Ax [1] and Brumer
[3] proved Leopoldt’s conjecture [5] when k is an abelian extension over the rational
number ﬁeld Q or over any imaginary quadratic number ﬁeld, using the powerful
method of Baker [2].
We recall the equivalent statement to Leopoldt’s conjecture given by Iwasawa [4].
Fix an integer a0. By LC(a) we mean the following statement:
LC (a). There exists an integer b0 such that Ek(pb) ⊆ Ep
a
k .
It is clear that LC holds if and only if LC(a) holds for all a0. Let q be a prime
ideal of k, prime to p, and let N(q) denote its absolute norm. In general, if n is
any natural number, we shall denote by (n)p the highest power of p dividing n. Let
e(q) = (N(q)−1)p, N(q)−1 = d(q)e(q), (d(q), p) = 1. For a ﬁnite abelian extension
K over k, we denote by e(q;K/k) the ramiﬁcation index of the prime ideal q for the
extension K/k. Then
e(q;K/k)pe(q) = (N(q)− 1)p.
Let e(q, a) = gcd(pa, e(q)). A ﬁnite abelian extension K over k will be called a
(q, a)-ﬁeld if K/k is unramiﬁed outside pq and if e(q, a)e(q;K/k)p, i.e. e(q, a) |
e(q;K/k).
Theorem 1 (Iwasawa [4]). Let p3. Then LC(a) holds if and only if a (q, a)-ﬁeld
exists for every prime ideal q of k, q p.
To introduce Miki’s result [7], we need some notations. Let S be a ﬁnite set of prime
ideals of k. For each prime ideal l of k, we denote by kl the completion of k at l. Put
Bk,p(S) = { ∈ k×|Ok = ap for some ideal a of k, and  ∈ (k×l )p for any prime
ideal l of S}/(k×)p. Let Sk be the set of all prime ideals of k lying above p. For each
integer n1, we denote by n a primitive nth root of unity.
Theorem 2 (Miki [7]). Assume that k contains p and that there exists a unique prime
ideal of k dividing p. If Bk,p(Sk) = {1}, then Leopoldt’s conjecture for k and p is
valid.
Remark. Assume that p3 and that k contains p. If the class number of k is not
divisible by p, then Bk,p(Sk) = {1} (cf. [6]).
The main purpose of this paper is to prove the following theorem:
Main Theorem. Let p3. Assume that k contains p and that there exists a prime
ideal p | p of k such that Bk,p({p}) = {1}. Then for any integer a0, there exists an
integer b0 such that Ek(pb) ⊆ Ep
a
k . Namely, Leopoldt’s conjecture for k and p is
valid.
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To prove Main Theorem, we use the method as in proof of theorems of Iwasawa
[4].
In Section 3, we give several non-Galois extensions satisfying the condition of Main
Theorem.
2. Proof of Main Theorem
Theorem 3 (Shafarevich [9]). Let k be a ﬁnite algebraic number ﬁeld with r1 real and
2r2 complex conjugates. Let p be a prime number and S a ﬁnite set of prime ideals
of k. We denote by kS/k the maximal p-extension unramiﬁed outside S. The minimal
number dk,p(S) of generators of Gal(kS/k) is given by
dk,p(S) =
∑
p|p,p∈S
[kp : Qp] − − (r1 + r2 − 1)+ t (S)+ dimZ/pZ Bk,p(S),
where t (S) is the number of l ∈ S for which p ∈ kl, and  is equal to 0 if p /∈ k
and to 1 if p ∈ k.
If q is a prime ideal of k such that N(q) ≡ 1mod p, then dk,p({p, q}) = dk,p({p})+1
by Bk,p({p}) = {1}. Hence, there exists a cyclic extension over k of degree p which
is unramiﬁed outside pq and in which q is totally ramiﬁed. We call a ﬁnite abelian
extension K∗ over k a (q, 1;p)-ﬁeld if K∗/k is unramiﬁed outside pq and if e(q, 1) |
e(q;K∗/k). Therefore, under the assumptions in Main Theorem, a (q, 1;p)-ﬁeld exists
for every prime ideal q of k, q p.
The idea of proofs of the following three lemmas is similar to that of Iwasawa [4].
Lemma 1. A (q, 1;p)-ﬁeld exists for a prime ideal q p of k if and only if Ek(pb) ⊆
(k×q )p for some integer b0.
Proof. Note that if e(q) = 1, then the pth power map is an isomorphism on (Ok/q)×,
and xp− ε has a root mod q for each ε ∈ Ek . So Ek ⊆ (k×q )p by Hensel’s lemma, and
our lemma holds. We now assume that e(q) > 1, i.e. e(q, 1) = p.
For non-negative integers a and b, let K∗a,b be the ray class ﬁeld of kmod qapb. If
K∗ is a (q, 1;p)-ﬁeld, then K∗ ⊆ K∗a,b for some a and b. But p  [K∗a,b : K∗1,b] since
p  N(q), and we may assume K∗ ⊆ K∗1,b. In fact, K∗1,b is then a (q, 1;p)-ﬁeld and
we will use K∗ = K∗1,b. Then e(q;K∗/k)p = e(q;K∗1,b/k)p = [K∗1,b : K∗0,b]p. Cleary,
K∗1,b is a (q, 1;p)-ﬁeld if and only if p | [K∗1,b : K∗0,b]p.
Fix b and let
A∗ = { ∈ k×|(, qp) = 1,  ≡ 1mod pb},
B∗ = { ∈ A∗| ≡ 1mod q},
84 N. Kubotera / Journal of Number Theory 111 (2005) 81–85
while (A∗) and (B∗) denote the groups of ideals which they generate. Then by class
ﬁeld theory,
Gal(K∗1,b/K∗0,b) ∼= (A∗)/(B∗) ∼= A∗/(B∗ · (A∗ ∩ Ek)) ∼= A∗/(B∗ · Ek(pb)).
So it sufﬁces to consider whether p divides the order |A∗/(B∗ ·Ek(pb))|. Now A∗/B∗ ∼=
(Ok/q)× is cyclic of order divisible by p, hence (A∗p ·B∗)/B∗ is the maximal subgroup
of index divisible by p. We see that p divides |A∗/(B∗·Ek(pb))| if and only if Ek(pb) ⊆
A∗p · B∗.
The lemma will be established once we show that Ek(pb) ⊆ A∗p · B∗ if and only
if Ek(pb) ⊆ (k×q )p. First, B∗ ⊆ (k×q )p by Hensel’s lemma, so that A∗p · B∗ ⊆ (k×q )p,
and one implication is clear. Suppose then that Ek(pb) ⊆ (k×q )p, and ε ∈ Ek(pb).
Then ε = up for some u ∈ kq, and we choose  ∈ A∗ such that  ≡ umod q. Then
ε/p ≡ 1mod qpb, so ε/p ∈ B∗ and ε ∈ A∗p ·B∗; therefore Ek(pb) ⊆ A∗p ·B∗. 
Lemma 2. A (q, 1;p)-ﬁeld exists for every prime ideal q p of k if and only if
Ek(p
b) ⊆ Epk for some integer b0.
Proof. It is clear from Lemma 1 that if Ek(pb) ⊆ Epk for some integer b0, then
a (q, 1;p)-ﬁeld exists for every prime ideal q p of k. Assume, conversely, that a
(q, 1;p)-ﬁeld exists for every prime ideal q p of k. Let {Li}, 1 is, denote the
family of all ﬁelds of the form k( p
√
ε) = k with ε ∈ Ek . Since each Li/k is a
cyclic extension, there exists a prime ideal qi of k such that qi is prime to p and is
unramiﬁed and undecomposed in Li . By Lemma 1, there is an integer bi0 such that
Ek(p
bi ) ⊆ (k×qi )p. Let b = max(b1, . . . , bs). Let ε ∈ Ek(pb) and L′ = k( p
√
ε). Since
Ek(p
b) ⊆ (k×qi )p, qi is completely decomposed in L′. Hence L′ = Li for 1 is, so
that L′ = k, i.e, that ε is a pth power of an element of k. Hence Ek(pb) ⊆ Epk . 
Lemma 3. If Ek(pb) ⊆ Epk for some non-negative integer b, then for any integer a0
there exists an integer b′0 such that Ek(pb
′
) ⊆ Epak .
Proof. Let p be a prime element of kp and vp a normalized valuation of kp with
vp(p) = 1. Let a0 be any integer, and let ε ∈ Ek(pbpa ). Then ε = p for some
 ∈ Ek and
vp(1− ε)bpa, 1− ε =
p−1∏
i=0
(1− ip).
Hence, if a1, then vp(1 − ip)bpa−1 for some i. Replacing  by ip, we have
ε = p,  ∈ Ek(pbpa−1), namely, Ek(pbpa ) ⊆ Ek(pbpa−1)p.
By iteration, Ek(pbp
a
) ⊆ Ek(pb)pa ⊆ Ep
a
k . 
This completes the proof of Main Theorem. 
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3. Examples
Let k = Q( 5√x, 3), where x12 is a positive integer. Let p = 3. The class number
of k is not divisible by 3.
When x = 3, 6 or 12, there exists a unique prime ideal of k dividing 3. Hence
Leopoldt’s conjecture for k and 3 is valid by Theorem 2.
When x = 2, 5, 7, 10 or 11, 3Ok = p2p′2 in k where p and p′ are distinct prime
ideals of k with N(p) = 34 and N(p′) = 3. We consider Bk,3({p}). Let p be a prime
element of kp and vp a normalized valuation of kp with vp(p) = 1. Let Ekp be the
unit group of kp and Up,1 = {u ∈ Ekp |u ≡ 1mod p}. We see that kp = Q3(80, 3) and
Ekp = 〈80〉 × Up,1. Let {E3k , ε1E3k , ε2E3k , . . . , εtE3k } = Ek/E3k for ε1, ε2, . . . , εt ∈ Ek .
Since the class number of k is not divisible by 3, we know that Bk,3({p}) = {1} if ε80i ∈
U3p,1 for 1 i t . And if u ∈ U3p,1, then u ≡ 1mod p3. Therefore if vp(ε80i − 1)2
for 1 i t , then Bk,3({p}) = {1}. We can check vp(ε80i − 1)2 for 1 i t by using
KASH, version 2.2. Therefore Leopoldt’s conjecture for k and 3 is valid by Main
Theorem.
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